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First, the conventional, rapid expansion gas dynamic laser3"5

creates a population inversion between the (001) and (100)
levels in C02 which subsequently lases at X = 10.6ju. In
contrast, the inversions shown in Fig. 4 between the (04°0)
and (001) levels, and between the (200) and (001) levels,
would correspond to laser transitions at 50/z and 22ju, re-
spectively. An important parameter for gas lasers is small
signal gain, GQ, defined as dl/I = G0dz where / is the incident
radiation intensity on a slab of laser gas of thickness dz, and
dl is the increase in beam intensity after traversing the length
dz. As shown in Appendix A of Ref. 15, Go a (X2/T2i)-/Af a

(M2/\)-IN, where .rW is the spontaneous radiative lifetime
for a transition between the upper and lower laser levels, M is
the corresponding quantum mechanical matrix element, and
IN is the population inversion. For C02, computed values
of M for the 50/z, 22/j, and 10.6ju transitions are in the ratio
0,21 X 10-2:0.21X10-2:0.34 X lO"1, respectively.16 Also,
the shock induced population inversions shown in Fig. 4 are
approximately one order of magnitude smaller than typical
inversions created in rapid expansions through supersonic
nozzles. In light of the above numbers, a comparison of Go
at 50/x and 22/f behind a shock wave with GQ at 10.6ju in a
rapid expansion leads to ((ro)5oM/(£ro)io-6M ~ 10~4 and ((r0)22M/
(£ro)io-6M ~ 2 X 10"4. Clearly, the nonequilibrium region be-
hind a normal shock wave in C02-N2-He mixtures produces a
low-gain medium. A more detailed discussion and compari-
son of these and other laser properties are contained in Ref. 14.

Conclusion
The present study indicates that population inversions

occur behind a normal shock front due strictly to translation-
vibration and vibration-vibration molecular energy exchanges
in C02-N2-He mixtures. However, the laser properties of
this shock-induced nonequilibrium flow are clearly not as
promising as those of gas dynamic lasers operating on the
principle of rapid expansion.
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Turbulent Boundary Layers at

Low Reynolds Numbers
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Introduction

CURRENTLY there are several quite accurate numerical
methods for calculating turbulent boundary layers.

Some of these methods are based on the solution of the mo-
mentum integral and/or energy integral equations and are
called integral methods. Other methods are based on the
solution of the governing conservation equations in their
partial-differential equation form. These are called differen-
tial methods. Almost all these prediction methods are based
on empirical data obtained at high Reynolds numbers (Re >
6000). According to several experiments and investigators
there is a definite ReyDolds effect for Re < 6000. For example,
in Ref. 1, Coles observed that his law of the wall formulation
failed for low Reynolds numbers; the strength of the wake
component, which stayed constant for momentum Reyn-
olds numbers greater than 6000, showed a large variation at
low Reynolds numbers. It should, however, be mentioned
that Coles' analysis relies on the constancy of k and c in the
logarithmic velocity profile.

UT E= (Tw/ (1)

The low Reynolds number effect is quite important in
turbomachines and on airfoils in wind tunnels. For example,
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Fig. 1 Calculated and experimental skin-friction coef-
ficients for a flat-plate turbulent flow at low Reynolds

numbers.
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Fig. 2 Calculated and experimental skin-friction coef-
ficients for a flow with pressure gradient, case 2100 (data of

Schubauer and Klebanoff).

in calculating the viscous drag of airfoils at chord Reynolds
numbers Rc ranging from 3-9 X 106, the momentum-thick-
ness calculation of drag depends mostly upon the accuracy of
calculating turbulent boundary layers from the point of
transition.

This Note presents one approach by which the eddy-vis-
cosity and mixing-length concepts that are being used in the
current differential methods can be modified to calculate in-
compressible turbulent boundary layers at low Reynolds
numbers. A comparison of several calculated results using
this modification shows good agreement with experiment.

Analysis

We consider the momentum equation

ubu/bx + vftu/ty = -(l/p)dp/dx + 5y (2)
and the eddy-viscosity formulation of Ref. 2, which for inner
and other regions of the boundary layer is defined by e* and e0,
respectively,

0 < y < yc

e0 = 0.0168 (ue - u)dy [1 + 5.5
(3)

yc < y < d
In Eq. (2), r is the total shear stress given by

r = n dw/cty — p (u'v') (4)
and A in Eq. (3) is a damping-length constant given by

A = AV+(TW/P)-U\{- p+-/vw+ [exp (11.8^+) - 1] +
^+)}-1/2 (5)

where p+ = — (dp/dx)v/puT*, vw
+ = VW/UT. The empirical

constants k and A+ appearing in Eqs. (2) and (5), which are
given by 0.40 and 26, respectively, were obtained by Van
Driest from experimental data at high Reynolds numbers.
If we assume that these parameters change for flows at low
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Fig. 3 Calculated and experimental skin-friction co-
efficients for a favorable pressure-gradient flow, case 1300

(data of Ludwieg and Tillmann).
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Fig. 4 Calculated and experimental skin-friction co-
efficients for flows with favorable and adverse pressure
gradients, cases 2700, 2800 (data of Herring and Norbury),

and 3100, 3200 (data of Bell).

Reynolds numbers, then this variation can be obtained by re-
peating Van Driest's procedure3 for a flat-plate turbulent
flow. Close to the wall, the momentum equation can be ap-
proximated by

dr/dy — 0 or T = TW (6)

Then by the concept of eddy viscosity, Eqs. (3) and (6) can be
written as

T — TW = + pedu/dy (7)
Substituting the inner eddy-viscosity expression in Eq. (3)
into Eq. (7), it can be shown that Eq. (7) can be written as

du+/dy+ =
- exp(- (8)

Integrating Eq. (8) numerically for various values of & and
A + for a given Re — flow and comparing the results with the
experimental data, one can easily obtain the variation of these
parameters with .Reynolds number. For the experimental
flat-plate data of Simpson4 this curve-fitting procedure yields,

k = 0.40 + 0.19/(1 + 0.49z2),
A+ = 26+ 14/(1 +*2) z > 0.3 (9)

where z = Re X 10~3.
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Fig. 5 Calculated and experimental skin-friction co-
efficients for flows with pressure gradient, cases 4000 and

4100 (data of Moses).
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Fig. 6 Calculated and experimental results for case 3700
(data of Moses).

Comparison with Experiment

Figures 1-6 show a comparison of the calculated results with
the experiment. < The experimental data considered here cor-
respond to the low Reynolds numbers given in Ref. 5. The
calculations were made by using the method of Ref. 6, which
for incompressible flows consists of solving Eqs. (2) and (3)
together with the continunity equation. The method is ap-
plicable to both laminar and turbulent boundary layers.
The calculations can be started either at the leading .edge or at
some downstream location. In the former case, the flow starts
as laminar and becomes turbulent at any specified ^.-location
by activating the eddy-viscosity expressions. In the latter
case, it is necessary to specify the initial velocity profiles.

Figures 1-3 show the calculated and experimental results in
which the calculations were started at the leading edge. In
these calculations at first an effective length that matched the
initial experimental momentum thickness was calculated.
For flat-plate flows or flows with initially negligible pressure
gradient, this procedure is a satisfactory one. Figure 1 com-
pares the calculated cf-values with those given by Coles'
prediction7 and the experimental values of Wieghardt.5
Figure 2 shows the results for Schubauer and KlebanofFs air-
foil-like body .designated as 2100 in Ref. 5. It is seen that
with the low Reynolds number correction, when the experi-
mental Re is matched, the skin-friction coefficient is matched
also. Figure 3 shows the results for an accelerating flow
designated as 1300 in Ref. 5. Again when Re is matched, the
skin-friction coefficient is also matched.

Figures 4-6 show the calculated and experimental results in
which the calculations were started with the experimental
initial velocity profile. Calculations were made for various
flows with pressure-gradients designated as 2700, 2800, 3100,
3200, 3700, 4000 and 4100 in Ref. 5. As the results show, in
all cases the Reynolds-number correction to the calculated re-
sults seems to improve the agreement with experiment.
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Parameters of Solar X-Ray Source Regions

X-RAYS, especially in the shorter wavelengths, are not
uniformly emitted from the solar disk, but have dis-

crete, active regions as sources. Therefore, changes in the
magnitude or spectral character of the solar energy flux must
be associated with changes in the solar source regions.

The predominant source mechanisms for continuum solar
x-ray emission are free-free (brernsstrahlung) transitions and
free-bound (radiative recombination) transitions. Equations
describing such transitions1 show that the electron concentra-
tion, volume, and electron temperature associated with the
source region are parameters which would affect the magni-
tude and spectral character of the solar x-ray emission. It is
possible to use a pair of broad-band x-ray sensors to measure
changes in these parameters and a brief outline of the tech-
nique follows.

The current generated in an ionization chamber is given by2

7 = Aewfe(\)E(\,T)d\ (D

where e is the electronic charge, co is the number of ion pairs
produced in the gas per unit of absorbed energy, A is the
effective window area of the detector, E(\,T) is the solar
emission spectrum, X is the wavelength, T is the electron
temperature, e(X) is the efficiency of the detector, and the
integration is performed over wavelengths where e is nonzero.
If two ionization chambers sensitive to slightly different por-
tions of the x-ray band .are used, the ratio of the currents
generated will be dependent on the electron temperature
through the solar emission spectrum, E(\,T). If the solar
emission spectrum is due to brernsstrahlung and radiative
recombination, we are able to express it in the form

E(\,T) = C(\,T)fNe2dV (2)
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